We study a cohomology theory H
Introduction
Let (M, ϕ) be a manifold with G 2 -structure. Here ϕ is a smooth 3-form on M that is nondegenerate in a certain sense that determines a Riemannian metric g and a volume form vol, hence a dual 4-form ψ. We say that (M, ϕ) is a torsion-free G 2 manifold if ∇ϕ = 0. Note that this implies that ∇ψ = dϕ = dψ = 0 as well. In fact, it is now a classical result [7] that the pair of conditions dϕ = dψ = 0 are actually equivalent to ∇ϕ = 0.
The forms ϕ and ψ can be used to construct a vector-valued 2-form B and a vector-valued 3-form K, respectively, by raising an index using the metric. These vector-valued forms were studied in detail by Kawai-Lê-Schwachhöfer in [16] in the context of the Frölicher-Nijenhuis bracket.
These vector-valued forms B and K induce derivations L B and L K on the space Ω
• of forms on M , of degree 2 and 3, respectively. From these derivations we can define cohomology theories. We call these the L B -cohomology, denoted H
• ϕ , and the L K -cohomology, denoted H • ψ . When M is compact, the L Kcohomology was studied extensively by Kawai-Lê-Schwachhöfer in [17] . In the present paper we study in detail the L B -cohomology when M is compact. Specifically, we compute H k ϕ for all k. The results are summarized in Theorem 3.58, which we restate here:
Theorem 3.58. The following relations hold.
• H k ϕ ∼ = H k dR for k = 0, 1, 2, 5, 6, 7.
• H k ϕ is infinite-dimensional for k = 3, 4.
• There is a canonical injection H k → H k ϕ for all k.
• The Hodge star induces isomorphisms * :
The proof involves a very delicate analysis of the interplay between the exterior derivative d and the derivation induced by B, and uses Hodge theory in an essential way.
As an application of our results, we study the question of formality of compact torsion-free G 2 manifolds. This is a longstanding open problem. It has been studied by many authors, including Cavalcanti [3] . In particular, the paper [22] by Verbitsky has very close connections to the present paper. What is called d c in [22] is L B in the present paper. Verbitsky's paper contains many excellent ideas. Unfortunately, there are some gaps in several of the proofs in [22] . Most important for us, there is a gap in the proof of [22, Proposition 2.19] , which is also used to prove [22, Proposition 2.20] , among several other results in [22] . We give a different proof of this result, which is our Proposition 4.8. We then use this to prove our Theorem 4.10, which essentially says that a compact torsion-free G 2 manifold is 'almost formal' in the sense that its de Rham complex is equivalent to a differential graded algebra with all differentials trivial except one.
A consequence of our Theorem 4.10 is that almost all of the Massey triple products vanish on a compact torsion-free G 2 manifold. This gives a new topological obstruction to the existence of torsion-free G 2 -structures on compact manifolds. The precise statement is the following: We also prove the following stronger result in the case of full holonomy G 2 (the "irreducible" case): The Massey triple products on a compact torsion-free G 2 manifold are not discussed in [22] .
Organization of the paper. In the rest of this section, we discuss the domains of validity of the various results in this paper in Remark 1.1, then we consider notation and conventions, and conclude with the statement of a trivial result from linear algebra that we use frequently. Section 2 is the heart of the paper, where we establish the various relations between the derivations d, ι B , ι B , L B , and L K . We begin with a brief summary of known facts about G 2 -structures that we will need in Section 2.1. In Section 2.2 we study the operators d and ∆ in detail. Some of the key results are Proposition 2.25, which establishes Figure 1 , and Corollary 2.29 and Proposition 2.34 which establish second order differential identities. These have appeared before (without proof) in a paper of Bryant [ In Section 3 we study and compute the L B -cohomology H • ϕ of a compact torsion-free G 2 manifold. We use heavily both the results of Section 2 and Hodge theory. This section culminates with the proof of Theorem 3.58. Then in Section 4 we apply the results of Section 3 to study the Massey triple products of compact torsion-free G 2 manifolds. Remark 1.1. We summarize here the domains of validity of the various sections of the paper.
• All results of Section 2.1 except the last one (Proposition 2.20), are valid for any G 2 -structure.
• Proposition 2.20 as well as the entirety of Section 2.2, assume that (M, ϕ) is torsion-free.
• In Section 2.3, the results that only involve the algebraic derivations ι B and ι K , up to and including Proposition 2.63, are valid for any G 2 -structure.
• The rest of Section 2.3, beginning with Corollary 2.64, uses the results of Section 2.2 heavily and is only valid in the torsion-free setting.
• The cohomology theories introduced in Section 3.1 make sense on any torsion-free G 2 manifold. However, beginning in Section 3.2 and for the rest of the paper, we assume that (M, ϕ) is a compact torsion-free G 2 manifold, as we use Hodge theory throughout.
Notation and conventions. We mostly follow the notation and conventions of [12] , and we point out explicitly whenever our notation differs significantly. Let (M, g) be an oriented smooth Riemannian 7-manifold. Let {e 1 , . . . , e 7 } be a local frame for T M with dual coframe {e 1 , . . . , e 7 }. It can be a local coordinate frame { ∂ ∂x 1 , . . . , ∂ ∂x 7 } with dual coframe {dx 1 , . . . , dx 7 } but this is not necessary. Note that the metric dual 1-form of e i is (e i ) = g ij e j .
We employ the Einstein summation convention throughout. We write Λ k for the bundle Λ k (T * M ) and Ω k for its space of smooth sections Γ(Λ k (T * M )). Then Λ • = ⊕ n k=1 Λ k is the exterior algebra of T * M and Ω • = ⊕ n k=0 Ω k is the space of smooth differential forms on M . Similarly, we use S 2 (T * M ) to denote the second symmetric power of T * M , and S = Γ(S 2 (T * M )) to denote the space of smooth symmetric 2-tensors on M .
The Levi-Civita covariant derivative of g is denoted by ∇. Let ∇ p = ∇ ep . The exterior derivative dα of a k-form α can be written in terms of ∇ as
The adjoint d * of d with respect to g satisfies d = (−1)
An element h ∈ S can be decomposed as h = Trg h 7 g + h 0 , where Tr g h = g ij h ij is the trace, and h 0 is the trace-free component of h, which is orthogonal to g. We use S 2 0 (T * M ) to denote the bundle whose sections S 0 = Γ(S 2 0 (T * M )) are the trace-free symmetric 2-tensors. Finally, if X is a vector field on M , we denote by X the 1-form metric dual to X with respect to the metric g. Sometimes we abuse notation and write X as simply X when there is no danger of confusion.
We write H k dR for the k th de Rham cohomology over R and H k for the space of harmonic k-forms. If [α] is a cohomology class, then |α| denotes the degree of any of its representative differential forms. That is,
We use C
• to denote a Z-graded complex of real vector spaces. A degree k map P of the complex C
• maps C i into C i+k , and we write
Lemma 1.5. We state two trivial results from linear algebra that we use several times in Section 3.
(ii) Let U = A ⊕ B ⊕ C be a direct sum decomposition of a vector space into complementary subspaces A, B, C. Let V, W be subspaces of U such that V = A ⊕ B ⊕ C and W = A ⊕ B ⊕ C where A , A are subspaces of A, and B , B are subspaces of B, and C , C are subspaces of C.
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2 Natural derivations on torsion-free G 2 manifolds
We first review some facts about torsion-free G 2 manifolds and the decomposition of the exterior derivative d. Then we define two derivations on Ω • and discuss their properties.
G 2 -structures and the decomposition of Ω
• Let (M 7 , ϕ) be a manifold with a G 2 -structure. Here ϕ is the positive 3-form associated to the G 2 -structure, and we use ψ to denote the dual 4-form ψ = * ϕ with respect to the metric g induced by ϕ. We will use the sign/orientation convention for G 2 -structures of [12] . In this section we collect some facts about G 2 -structures, taken from [12] , that we will need. We recall the fundamental relation between ϕ and g, which allows one to extract the metric from the 3-form. This is:
Lemma 2.2. The tensors g, ϕ, ψ satisfy the following contraction identities in a local frame:
Proof. This is proved in Lemmas A.12, A.13, and A.14 of [12] .
For k = 0, . . . , 7, the bundle Λ k := Λ k (T * M ) decomposes as follows: frame these observations are
Similarly we have that γ ∈ Ω if and only if γ ⊥ ψ. In a local frame these observations are
Lemma 2.8. The following identities hold:
Proof. This is part of Proposition A.3 in [12] .
Lemma 2.9. Identify Ω 1 ∼ = Γ(T M ) using the metric. The cross product × :
Proof. This is part of Lemma A.1 in [12] .
In terms of a local frame, we define a map ϕ :
In components, we have
Analogous to (2.10), we define ψ :
It is easy to see that when A = g is the metric, then
In [12, Section 2.2] the map ϕ is written as D, but we use ϕ to avoid confusion with the many instances of 'D' throughout the present paper to denote various natural linear first order differential operators. We can orthogonally decompose sections of Γ(T * M ⊗ T * M ) into symmetric and skew-symmetric parts, which then further orthogonally decompose as
In [15] for a detailed proof.) In particular, we note for future references that
When restricted to S, the map ϕ is denoted by i in [12] . We use ϕ rather than i, to avoid confusion with the algebraic derivations ι B and ι K that we introduce later in Section 2.3.
Proof. This is part of Proposition 2.14 in [12] .
The next two propositions will be crucial to establish properties of the algebraic derivations ι B and ι K in Section 2.3.
Proposition 2.15. Let h = h ij e i e j be a symmetric 2-tensor. The following identities hold:
Since the second term above is skew in p, q, when we contract with the symmetric tensor h pq we obtain
We will repeatedly use the identities from Lemma 2.8. When α = β = ψ in (2.17), we have ψ∧(e q ψ) = 0, establishing the third equation in (2.16). When α = ϕ and β = ψ in (2.17), we have
and hence using that X ( * α) = − * (X ∧ α) for α ∈ Ω 1 , we find
establishing the second equation in (2.16). Finally, when α = β = ϕ in (2.17), we have ϕ ∧ (e q ϕ) = −2 * (e q ϕ) = −2 ψ ∧ (e q ) = −2g qm e m ∧ ψ, and hence using (2.11) we find 
establishing the first equation in (2.19).
Similarly we compute 
The first three terms above combine, and all the remaining terms except the last one vanish. Thus using Lemma 2.8 we have
establishing the fourth equation in (2.19) .
For the rest of this section and all of the next section, we assume (M, ϕ) is torsion-free. See also Remark 1.1.
Proof. Because ϕ and ψ are both parallel, from [12, 
Applying π 27 to both of the above expressions and using Lemma 2.14 yields the desired result. 
In a local frame, these operators have the following form:
where k is the smallest integer such that this composition makes sense. Here the surjection is the projection π 
and comparing with Definition 2.21 we find that
and comparing with (2.26) we find that π 1 dπ 7 : Ω
1 is identified with (iii) We establish the relations for π 7 dπ 7 : Ω
from which it follows from Definition 2.23 that
and thus
and comparing with (2.27) we find that
But we also have
Comparing with (2.27) we find that π 7 dπ 7 : Ω
is identified with −
Comparing with (2.27) we find that π 7 dπ 7 : Ω 4 7 → Ω 5 7 is identified with 2D
Comparing with (2.27) we find that π 7 dπ 7 : Ω (iv) We establish the relations for π 14 dπ 7 : Ω
Thus we find that π 14 dπ 7 : Ω 
We can write π 7 dβ = Y ψ ∈ Ω 3 7 for some vector field Y . Then using Lemma 2.8 we find 
Then similarly we have π 27 dα = π 27 L X ϕ. By Proposition 2.20, we have π 27 d(X ψ) = − * (π 27 d(X ϕ)). Thus we find that π 27 dπ 7 : Ω for k = 3, 4.
We further simplify this as
It follows from Definition 2.23 that
27 , where h ∈ S 0 . Then π 7 (dγ) = * (Y ϕ) for some vector field Y . Taking Hodge star of both sides, we have
But we also have Proof. These relations all follow from Figure 1 and the fact that d
for all l, l ∈ {1, 7, 14, 27} and all k = 0, . . . , 5. Some of the relations arise multiple times this way. Moreover, there are two distinct relations for (l, l ) = (7, 7), (7, 27) , and (27, 7). Proof. These follow from Figure 1 and the facts that d = (−1) k * d * on Ω k and that * is compatible with the identifications given in (2.4).
Remark 2.33. One has to be very careful with the "equations" in (2.32). In particular, taking the adjoint of both sides of an equation in (2.32) in general violates P * * = P . This is because these are not really equalities, but identifications, and recall that unfortunately the identifications in (2.3) are not isometries, as explained in Remark 2.5. However, this will not cause us any problems, because the notation D l m will always only refer to the maps introduced in Definition 2.23, and we will never have need to consider the adjoints of any other components of d. Proof. Recall that d = (−1) k * d * on Ω k and that * is compatible with the identifications given in (2.4). The expressions in (2.35) can be checked on a case-by-case basis using these facts, Figure 1 , and the relations in Corollary 2.29. Note that one can show from general principles that ∆ d preserves the splittings (2.3) when ϕ is parallel, which we always assume. (See [11] for details.) However, the proof of the present proposition gives an explicit verification of this fact, viewing it as a consequence of the fundamental relations (2.30).
Remark 2.36. We emphasize that for Proposition 2.25, Corollary 2.29, and Propostion 2.34, the torsionfree assumption is essential, as the proofs frequently made use of ∇ϕ = ∇ψ = dϕ = dψ = 0. For G 2 -structures with torsion, there would be many additional terms involving torsion, and in particular the Laplacian ∆ would not preserve the splittings (2.3). See also Remark 1.1. Tables 1-3] , where Bryant says the results follow by routine computation. We have presented all the details for completeness and for readers to be able to use the computational techniques for possible future applications. Note that one has to be careful to compare our results with [2] . First, we use a different orientation convention, which effectively replaces * by − * and ψ by −ψ, although Bryant denotes the 3-form by σ. Secondly, we use slightly different identifications between the spaces Ω Table 1 is inconsistent with the definition d
From now on we assume M is compact, as we will be using Hodge theory throughout. Moreover, we can integrate by parts, so if P is a linear operator on forms, then P α = 0 ⇐⇒ P * P α = 0, which we will use often. The next result relates the kernel of the operators in Definition 2.23 with harmonic 1-forms. This result is fundamental and is used often in the rest of the paper. 
The derivations L B and L K and their properties
We begin with a brief discussion of derivations on Ω
• arising from vector-valued forms on a general n-manifold M . A good reference for this material is [18] . We use notation similar to [4, 6] .
• . They are the algebraic derivation ι K , of degree r −1, and the NijenhuisLie derivation L K , of degree r. They are defined as follows. Let {e 1 , . . . , e n } be a (local) tangent frame with dual coframe {e 1 , . . . , e n }. Then locally K = K j e j where each K j is an r-form. The operation
where e j · is the interior product with e j . The operation ι K is well-defined and is a derivation on Ω • . Moreover, ι K vanishes on functions, so ι K (hα) = h(ι K α) for any h ∈ Ω 0 and α ∈ Ω k , which justifies why
That is, L K is the graded commutator of ι K and d. The graded Jacobi identity on the space of graded linear operators on Ω • and d
From now on, let g be a Riemannian metric on M .
Lemma 2.44. Let K ∈ Ω r T M be obtained from an (r + 1)-form η by raising the last index. That is, g (K(X 1 , . . . , X r ), X r+1 ) = η(X 1 , . . . , X r+1 ). In a local frame we have K q i1···ir = η i1···irp g pq . The operator ι K is of degree r − 1. For any α ∈ Ω k , the (k + r − 1)-form ι K α is given by
Proof. In a local frame we have
ir ⊗ e q , and thus from (2.40) we have
as claimed.
Proof. Let α ∈ Ω n−(r−1) . Since e p η ∈ Ω r , the form (e p η) ∧ α is of degree (n + 1) and hence zero. Taking the interior product with e q , we have 0 = e q (e p η) ∧ α = (e q e p η) ∧ α + (−1)
r (e p η) ∧ (e q α).
Thus, by the skew-symmetry of e q e p η in p, q, we find from (2.45) that
Corollary 2.47. Let K be as in Lemma 2.44. Then the adjoint ι * K is a degree −(r − 1) operator on Ω
• and satisfies ι *
Proof. Let α ∈ Ω k−(r−1) and β ∈ Ω k . Then α∧ * β ∈ Ω n−(r−1) , so by Lemma 2.44 we have ι K (α∧ * β) = 0. Since ι K is a derivation of degree r − 1, and ι K * β is an (n − k + r − 1)-form, this can be written as
and hence ι *
Now let (M, ϕ) be a manifold with G 2 -structure. In particular, n = 7 from now on. In local coordinates we have
The vector-valued 2-form B is also called the cross product induced by ϕ, and, up to a factor of − 
The operators L B and L K are of degree 2 and 3, respectively.
Remark 2.51. In much of the literature the associator K is denoted by χ, but we are following the convention of [4, 6] of denoting vector-valued forms by capital Roman letters. 
Proof. The first pairs of equations follow from (2.48) with n = 7 and r = 2, 3, respectively. In odd dimensions, d = (−1) k * d * on k-forms, and * 2 = 1. The second pair of equations follows from these facts and taking adjoints of (2.50).
The operations ι B and ι K are morphisms of G 2 -representations, and in fact they are constants on Ω l l after our identifications (2.4). We will prove this in Propositions 2.62 and 2.63, but first we need to collect several preliminary results.
Lemma 2.54. Let f ∈ Ω 0 and X ∈ Ω 1 . The following identities hold:
Proof. The first pair of equations are immediate since any algebraic derivation vanishes on functions.
The second pair of equations now follows using r = 2 for η = ϕ and r = 3 for η = ψ.
Lemma 2.56. The following identities hold:
Proof. To establish each of these, we use (2.45) and Proposition 2.15 with h = g. First, using (2.12) and Tr g g = 7, we have
Similarly from Proposition 2.15 we find that
and hence also ι K ϕ = −g pq (e p ψ) ∧ (e q ϕ) = −ι B ψ = 0. Finally, again from Proposition 2.15 we deduce that ι K ψ = −g pq (e p ψ) ∧ (e q ψ) = 0 as well.
Lemma 2.58. Let X ∈ Ω 1 . The following identities hold:
Proof. Let X = X m e m . By linearity of derivations and (2.45) we have
The equations in (2.59) now follow immediately from Proposition 2.18.
14 . The following identities hold:
Proof. We use the notation of Proposition 2.18. Let β ∈ Ω 2 14 . Using (2.45) and (2.13) we compute
Similarly, again using (2.45) and (2.13) we compute
We are now ready to establish the actions of ι B and ι K on the summands of Ω • with respect to the identifications (2.4). Proof. The derivation ι B is of degree 1, so it vanishes on Ω 7 . Moreover, by Corollary 2.46 is also vanishes on Ω 6 . We establish the rest of Figure 2 by each vertical column. 
and hence the map ι B : Ω 
and hence the map ι B : Ω , where h ∈ S 2 0 (T * M ). By (2.10) we have γ = h kl g lm e k ∧ (e m ϕ). Since ι B is algebraic, we can pull out functions, and using (2.55) and (2.59) we compute
By (2.16) and (2.11), since Tr g h = 0, the above expression is
Using Lemma 2.14, we conclude that ι B ( ϕ h) = * ( ϕ h), and thus the map ι B : Ω 
Using (2.16), the above expression becomes Proof. The derivation ι K is of degree 2, so it vanishes on Ω 6 and Ω 7 . Moreover, by Corollary 2.46 is also vanishes on Ω 5 . We establish the rest of Figure 2 by each vertical column. Note that ι K preserves the parity (even/odd) of forms. . Then, since ι K is an even derivation, 
The first term vanishes by (2.16) and the second term vanishes as it is
27 , where h ∈ S 2 0 (T * M ). By (2.11) we have η = h kl g lm e k ∧ (e m ψ). Computing as before, we find
Again, the first term vanishes by (2.16) and the second term vanishes as it is 4h kl g lm g mp e k ∧ ψ ∧ e p = 4h kp e k ∧ e p ∧ ψ = 0. Thus the map ι K vanishes on Ω Proof. This is straightforward to verify from Figures 1, 2, and 3 using the equations in (2.50).
Next we discuss some properties of L B and L K .
Lemma 2.65. Let α be a form. In a local frame, the actions of L B and L K is given by
Proof. It is clear that both expressions in (2.66) are independent of the choice of frame. To establish these expressions at x ∈ M , we choose a local frame determined by Riemannian normal coordinates centred at x. In particular, at the point x we have ∇ p e j = and ∇ p e j = 0. Recalling that M is torsion-free, so ∇ϕ = 0, using (2.50), (2.45), and (1.2) at the point x we compute
establishing the first equation in (2.66). The other equation is proved similarly using ∇ψ = 0.
Corollary 2.67. For any for α, we have
Proof. Consider a local frame determined by Riemannian normal coordinates centred at x ∈ M as in the proof of Lemma 2.65. Using (2.66) and (1.3), we compute
establishing the first equation in (2.68). The other equation in proved similarly.
Proposition 2.69. The derivations L B and L K satisfy the following identities:
and 
These graded commutators and others are considered more generally for G 2 manifolds with torsion in [14] using the general framework developed in [6] in the case of U(m)-structures.
3 The L B -cohomology H
• ϕ of M and its computation
In this section we define two cohomologies on a torsion-free G 2 manifold using the derivations L B and L K . The cohomology determined by L K was studied extensively by Kawai-Lê-Schwachhöfer in [17] . We recall one of the main results of [17] on the L K -cohomology, stated here as Theorem 3.2. We then proceed to compute the cohomology determined by L B . This section culminates with the proof of Theorem 3.58, which is our analogue of Theorem 3.2 for the L B -cohomology. An application to formality of compact torsion-free G 2 manifolds is given in Section 4.
Cohomologies determined by L B and L K
Recall from (2.72) that (L K ) 2 = 0. This observation motivates the following definition.
Definition 3.1. For any 0 ≤ k ≤ 7, we define
We call these groups the L K -cohomology groups.
The L K -cohomology is studied extensively in [17] . Here is one of the main results of [17] .
Theorem 3.2 (Kawai-Lê-Schwachhöfer [17] ). The following relations hold.
•
• There is a canonical injection
Proof. This is part of [17, Theorem 1.1].
From Figure 4 and (2.30) we see that in general (L B ) 2 = 0. Because of this, we cannot directly copy the definition of H k ψ to define L B -cohomology groups. However, we can make the following definition. Definition 3.3. For any 0 ≤ k ≤ 7, we define
We call these groups the L B -cohomology groups.
In Sections 3.2 and 3.3 we compute these L B -cohomology groups and then in Section 3.4 we prove Theorem 3.58, which is the analogue to Theorem 3.2. From now on we always assume that (M, ϕ) is a compact torsion-free G 2 manifold as we use Hodge theory frequently. See also Remark 1.1. Proof. From Figure 4 and Figure 1 , we observe that
Computation of the groups H
and thus that
Similarly, using Figure 4 and Theorem 2.38, we observe that
In the remainder of this section and the next we will often use the notation introduced in (1.4) .
Proof. We first show that the denominator in
Then by Figure 4 we have
and also that 0 = L B ω = −2D 
Write ω = ω 7 + ω 14 ∈ Ω 
by Theorem 2.38, ω 14 ∈ H 2 14 by Figure 1 and Corollary 2.31.
Proposition 3.9. We have
by the following formal manipulation:
by applying * and using equation (2.53)
by properties of orthogonal complement
Note that the above formal manipulation is not a rigorous proof of duality because at step (!), we do not have im P * = (ker P ) ⊥ in general for an arbitrary operator P , and step (!!) is also not justified. Because Ω k is not complete with respect to the L 2 -norm, the usual Hilbert space techniques do not apply. We will use elliptic operator theory to give a rigorous computation of H k ϕ for k = 4, 5, 6, 7, in the next section. The material on regular operators in this section is largely based on Kawai-Lê-Schwachhöfer [17] . Definition 3.13. Let P be a linear differential operator of degree r on Ω
• . Then P : Ω k−r → Ω k is said to be regular if Ω k = im P ⊕ ker P * , where by ker P * we mean the kernel of the formal adjoint P * : Ω k → Ω k−r with respect to the L 2 inner product. The operator P is said to be elliptic, overdetermined elliptic, underdetermined elliptic, if the principal symbol σ ξ (P ) of P is bijective, injective, surjective, respectively, for all ξ = 0.
Remark 3.14. It is a standard result in elliptic operator theory (see [1, p.464 ; 32 Corollary]) that elliptic, overdetermined elliptic, and underdetermined elliptic operators are all regular.
Proof. Consider the symbol P = σ ξ (L B ). By (2.66), this operator is P (ω) = (ξ ϕ) ∧ ω. Note that this is an algebraic (pointwise) map and thus at each point it is a linear map between finite-dimensional vector spaces. We will show that P : Ω k−2 → Ω k is injective for k = 0, 1, 2, 3, 4 and surjective for k = 5, 6, 7, 8, 9. The claim will then follow by Remark 3.14.
First we claim that injectivity of P :
, and by (2.53) this equals σ ξ (− * L B * ) = − * σ ξ (L B ) * = − * P * . Since * : Ω l → Ω 7−l is bijective, and we have that * P * : Ω k → Ω k−2 is surjective, we deduce that P : Ω (9−k)−2 → Ω 9−k is surjective. But 9 − k ∈ {5, 6, 7, 8, 9} if k = {0, 1, 2, 3, 4}. Thus the claim is proved.
It remains to establish injectivity of P : Ω k−2 → Ω k for k = 0, 1, 2, 3, 4. This is automatic for k = 0, 1 since Ω k−2 = 0 in these cases.
. Suppose P f = 0. Since ξ = 0, we have ξ ϕ = 0, and thus f = 0. So P is injective for k = 2. If k = 3, then P : Ω 1 → Ω 3 is given by P α = (ξ ϕ) ∧ α. Suppose P α = 0. Taking the wedge product of P α = 0 with ψ and using Lemma 2.8 gives
Thus g(ξ, α) = 0. Similarly, taking the wedge product of P α = 0 with ϕ and using Lemmas 2.8 and 2.9 gives
Thus ξ × α = 0. Taking the cross product of this with ξ and using Lemma 2.9 gives
Since g(ξ, α) = 0 and ξ = 0, we conclude that α = 0. So P is injective for k = 3.
, where by (2.4) we can write β 7 = Y ϕ for some unique Y . Taking the wedge product of (3.16) with ϕ and using (2.4) and (2.1), we have Now we take the interior product of (3.16) with ξ. This gives (ξ ϕ) ∧ (ξ β) = 0. By the injectivity of P for k = 3, we deduce that ξ β = 0. (3.18)
Using (3.18) and (2.4), we can rewrite (3.16) as
Taking * of the above equation and using * (ξ * γ) = ±ξ ∧ γ, where in general the sign depends on the dimension of the manifold and the degree of γ, we find that
Taking the interior product of (3.20) with ξ and using (3.18) yields
By Lemma 2.9 we have ξ β 7 = ξ Y ϕ = Y × ξ. Thus (3.21) becomes
Now we take the wedge product of (3.22) with ψ, use Lemma 2.9 again, and the fact that β 14 ∧ ψ = 0 from (2.4). We obtain
which can be rearranged to give, using Lemma 2.9 and (3.17), that
But from Lemma 2.8 we find β 7 ∧ ψ = (Y ϕ) ∧ ψ = 3 * Y . Substituting this into (3.23) and taking * , we find that
Since ξ = 0, we deduce that Y = 0 and thus β 7 = 0. Substituting back into (3.21) then gives g(ξ, ξ)β 14 = 0 and thus β 14 = 0 as well. So P is injective for k = 4.
Corollary 3.24. For any k = 0, . . . , 7, we have
The result follows.
Proof. In the proof of Proposition 3.6, we showed that (ker
by the Hodge decomposition.
In exactly the same way we get (im
Moreover, since L B has degree two, we have (ker L B ) 6 = Ω 6 and (ker L B ) 7 = Ω 7 . Thus, we conclude that
Proposition 3.27. We have H
Proof. In the proof of Proposition 3.7, we showed that (ker L B ) 2 = H 2 , so using (3.25) just as in the proof of Proposition 3.26 we deduce that
Let α ∈ Ω 6 . Then since d = * d * on Ω 6 , we find from Figure 1 that up to our usual identfications, d α = D 
72). Using the Hodge decomposition of Ω
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we therefore have
Applying Lemma 1.5(i) we deduce that
Applying Lemma 1.5(ii) to (3.28), (3.29), as subspaces of
Therefore we find that 
Proof. Let β = β 7 + β 14 ∈ Ω . We need to prove that
and Figures 1 and 4 , we have
Using the relations in (2.30), the above expression simplifies to Using the relations in (2.30), the above expression simplifies to 
Lemma 3.36. We have
We write ω = L B (α 7 + α 14 ) for some α 7 + α 14 ∈ Ω That is, we have Recalling from (3.38) that ω 7 = −3D form, and that ω 1 = 0. Thus we have ω ∈ H 4 and moreover we assumed that ω ∈ (im d) 4 . By Hodge theory we conclude that ω = 0 as claimed.
Hence, by (3.50) and (3.52), we have
as claimed. Thus for ω ∈ (im d ) 3 we conclude that which is what we wanted to show.
Corollary 3.57. We have
Proof. Lemma 3.53 says that
Applying * to the above equation and using (2.53) gives 2 = 0, which is not true in general. We give a correct proof of this result, which is our Proposition 4.8. One consequence is the result about the Massey triple product in our Corollary 4.13, which appears to be new. Proposition 4.1 (Verbitsky [22] ). The inclusion ((ker L B ) •
Proof. This is proved in [22, Proposition 2.11] . We reproduce the short proof here for completeness and convenience of the reader. Since the differential for both complexes Ω • and (ker L B )
• is the same exterior derivative d, we will omit it from the notation for simplicity.
It is well-known that the Hodge Laplacian ∆ determines an eigenspace decomposition Ω k = ⊕ λ Ω k λ where the sum is over all eigenvalues λ of ∆, which form a discrete set of non-negative real numbers, and Ω k λ = {α ∈ Ω k : ∆α = λα} are the associated eigenspaces. Note that Ω k 0 = H k is the space of harmonic k-forms. It is well-known that the cohomology of Ω k λ is trivial for λ > 0. This is because, if α ∈ Ω k λ with λ > 0 and dα = 0, then
is exact.
By (2.71), the operator L B commutes with ∆, and thus we obtain a decomposition
k is indeed trivial.
In Section 3, while computing H
• ϕ , we explicitly computed the complex ((ker L B )
• , d). The results are collected in Figure 6 . The isomorphisms displayed in Figure 6 are explained in Corollary 4.3.
H
Proof. We have a short exact sequence of chain complexes
The results are collected in Figure 7 . The isomorphisms in Figure 7 are a subset of the isomorphisms from Figure 6 and are coloured in the same way. It is clear from Figure 7 that the cohomology of ((ker L B )
The next two definitions are taken from [10, Section 3.A].
Definition 4.9. Let (A, d A ) and (B, d B ) be two differential graded algebras (dga's). We say that A and B are equivalent if there exists a finite sequence of dga quasi-isomorphisms 
A new topological obstruction to existence of torsion-free G 2 -structures
A key feature of the criterion in Corollary 4.13 is that it is topological. That is, it does not depend on the differentiable structure on M . Therefore it gives a new topological obstruction to the existence of torsion-free G 2 -structures on compact 7-manifolds. There are several previously known topological obstructions to the existence of a torsion-free G 2 -structure on a compact 7-manifold. These obstructions are discussed in detail in [11, Chapter 10] . We summarize them here. Let ϕ be a torsion-free G 2 -structure on a compact manifold M with induced metric g ϕ . Let b
, if g ϕ is not flat, then p 1 (M ) = 0, where p 1 (M ) is the first Pontryagin class of T M , if g ϕ has full holonomy G 2 , then the fundamental group π 1 (M ) is finite.
Note that the first three conditions are simply obstructions to the existence of torsion-free G 2 -structures. The fourth condition can be used to rule out non-flat torsion-free G 2 -structures, and the fifth condition can be used to rule out non-irreducible torsion-free G 2 -structures. In fact, the third condition determines the reduced holonomy of g ϕ , which is {1}, SU(2), SU(3), or G 2 , if b , we also need |α|+|β|+|γ| ≤ 8. Finally, Corollary 4.13 tells us that we must have either |α| + |β| = 4 or |β| + |γ| = 4. Hence the only possibilities for the triple (|α|, |β|, |γ|) to obtain a nontrivial Massey product are (2, 2, 2), (2, 2, 3), (2, 2, 4), (3, 2, 2), and (4, 2, 2). For (2, 2, 3) or (3, 2, 2), the Massey product lies in a quotient of H since ϕ ∧ ψ = 7vol is a generator of H 7 dR . Thus in this case the quotient space is zero. We conclude that the only possibly nontrivial Massey product corresponds to the case (|α|, |β|, |γ|) = (2, 2, 2).
In the remainder of this section we will apply our new criterion to a particular nontrivial example. Consider a smooth compact connected oriented 7-manifold M of the form M = W × L, where W and L are smooth compact connected oriented manifolds of dimensions 3 and 4, respectively. In order for M to admit G 2 -structures, we must have w 2 (M ) = 0, where w 2 (M ) is the second Stiefel-Whitney class of T M , by [19, p 348-349] .
Take W to be the real Iwasawa manifold, which is defined to be the quotient of the set We now claim that p 1 (M ) = 0. To see this, consider the inclusion ι : L → M = W × L into some vertical fibre { * } × L of M over W . Then ι * (T M ) = T L ⊕ E where W is the trivial rank 3 real vector bundle over L. If p 1 (T M ) = 0, then by naturality we he have p 1 (T L) = ι * (p 1 (T M )) = 0, which we showed was not the case. Thus, the fourth condition in (4.14) is satisfied. Other examples of compact orientable spin 7-manifolds that cannot be given a torsion-free G 2 -structure can likely be constructed similarly.
Remark 4.23. The formality of compact 7-manifolds with additional structure has been studied by several authors, in particular recently by Crowley-Nordström [5] and Munoz-Tralle [20] . Two of the results in [5] are: there exist non-formal compact 7-manifolds that have only trivial Massey triple products; and a non-formal compact manifold M with G 2 holonomy must have b 2 (M ) ≥ 4. One of the results in [20] is that a compact simply-connected 7-dimensional Sasakian manifold is formal if and only if all its triple Massey products vanish.
Remark 4.24. A natural question is: can we actually establish formality by extending our chain of quasi-isomorphisms? One idea is to quotient out the unwanted summands, but such a quotient map is not a dga morphism. One can also try to involve L K or other operators that can descend to H • ϕ , but the authors have so far had no success in this direction.
